The general method introduced in a previous paper to build up a class of models invariant under generalization of Carroll and Galilei algebra is extended to systems including a set of Grassmann variables describing the spin degree of freedom.
procedure and redefinition of the parameters.
Aim of this work is to apply this method to systems including a set of Grassmann variables describing the spin degrees of freedom, exhibiting a Carroll or a Galilei symmetry. The system we have in mind is one with a SUSY symmetry described by vector-like and scalar anticommuting generators (VSUSY). This algebra, which is a relativistic one, was introduced in [11] , in order to get a "pseudoclassical" description of the Dirac equation. See also [12] [13] [14] , where these pseudoclassical models have the same set of Grassmann variables and lead to the Dirac equation without rigid supersymmetry.
Of course, the models we would like to construct here should exhibit Carroll or Galilei supersymmetry counterpart. To this end, we would need to construct specific contractions of VSUSY algebra. Before doing that, we would need to review the general strategy of [1] .
The method consists in starting from a space-time in D + 1 dimensions and partitioning it in two parts, the first minkowskian and the second euclidean. Then a Carroll or Galilei invariant model can be obtained by introducing a Minkowski invariant action, or Euclidean invariant action respectively, in one of the partitions of the space-time (the minkowskian for Carroll or the euclidean for Galilei) and, in the complementary partition, a system of lagrange multipliers transforming in an appropriate way under the euclidean or the Lorentz group such that to confine the system to a region of the space-time. This system is such to compensate the variations induced by the Carroll or Galilei boosts of the action in the appropriate subspace. A simple way to get this result, is to start with an action Poincaré invariant in the total space, say S, and defining the action in the Minkowski or euclidean subspace as
where the x a 's and x α 's are the coordinates of the euclidean subspace where the system is confined respectively for the Carroll and Galilei case.
It is important to notice that this procedure allows us to obtain the action, for dynamical systems invariant under Carroll or Galilei group without central charges, directly from actions in configurations space invariant under Poincaré without use of a limiting procedure.
As we have said one needs to introduce a set of lagrange multipliers in one of the two parts of the lagrangian in which we divide the space-time. These multipliers have not a clear interpretation in configuration space. However, in general, these lagrange multipliers have a natural interpretation as momenta in the phase space canonical action.
The paper is organized as follows: in Section 2 we review the k-contractions [16] [17] [18] [19] [20] [7-10] used in ref. [1] . In Sections 3.1-3.4, we construct the k-contractions of VSUSY algebra for the Carroll type and the Galilei type, both in the case of the abstract algebra and in the case of the realization of the algebra in the configuration space. In Section 4, following the procedure illustrated in [1] we construct the action and discuss the case for a VSUSY Carroll particle. In particular we examine its κ invariance and its quantization respectively in Sections 4.1 and 4.2. The same is done for a VSUSY Galilei particle in Sections 5, 5.1 and 5.2. In Section 6 we draw our conclusions. In the Appendix we show how the actions, for the VSUSY Carroll and Galilei particle, can be derived by performing the standard Carroll and non-relativistic limiting procedures in the Poincaré invariant phase space action.
II. POINCARÉ CONTRACTIONS
In order to make explicit the partition of the space-time in D + 1 dimensions we will introduce the following set of coordinates µ, ν = 0, 1, ..., D, η µν = (−; +, · · · , +),
The Poincaré algebra in the total space is given by
Then, consider the following two subgroups of ISO(1, D): the Poincaré subgroup in k dimensions, ISO(1, k −1) and the euclidean group of roto-translations in D +1−k dimensions, generated respectively by
In these notations the generators of ISO(1, D) are
Note that the generators B αb connect the two subalgebras.
In [1] we have considered two types of contractions, both at the level of the Poincaré algebra and at the level of the invariant vector fields . These contractions generalize the Carroll [2, [5] [6] [7] and the Galilei algebras [21] [ [16] [17] [18] [19] [20] [ [8] [9] [10] At the Lie algebra level the contractions are made on the momenta and on the boosts; in the Carroll case:
and then taking the limit ω → ∞. In the Galilei case the contractions are given bỹ
The commutation relations resulting from the contraction process are:
Galilei-type
III. VSUSY CONTRACTIONS
Let us now consider the VSUSY algebra [11, 15] which is defined in terms of the generators G µ and G 5 and of their anticommutation relations
By using a decomposition analogous to the one used in the Poincaré case
The anticommutation relations become
[
Both G α and G a behave as vectors under the two groups generated by M αβ and M ab .
Therefore the corresponding commutation relations are invariant under any rescaling of G α and G a . This is not the same for the Lorentz boosts with commutation relations
A. k-contractions of Carroll type
In the Poincaré case we have defined the contraction by a rescaling of part of the momenta and for the boosts, according to the eq. (8) for the Carroll case and eq. (9) for the Galilei one, leaving unchanged all the other generators. By doing so we have not changed the two subalgebras ISO(1, k − 1) and ISO(D + 1 − k). In the case of VSUSY we would like to make use of an analogous strategy. In particular , for the Carroll case, we would like to maintain the VSUSY invariance in the Minkowski sector. Therefore we will study k-contractions of Carroll type, preserving the main anti-commutation relation in this sector:
To this end we will define the contracted generators as
With this choice we have
where, for the moment being we have not done any choice regarding the possible contractions of the central charges. Asking to maintain the complete VSUSY algebra in the Minkowski subspace, we should scale both Z and
Then, we have
Now, all these relations depend only on the difference r − t. To have a finite result, it is enough to require t − r ≥ 0 (as it follows from (23)) and, from (25) , 1 + r − t ≥ 0. There are only two possibilities to verify these conditions:
Notice that the G a 's form a Clifford algebra (after renormalization of the generators) which commute or anticommute with all other generators of the previous list. The algebra is V SU SY ⊗ Clif f ord, with VSUSY in k-dimensions and the Clifford in D + 1 − k dimensions.
Here theG a 's span a Clifford algebra with zero central charge, or a Grasmmann algebra. In the case r = t, corresponding to the model discussed in the following, the boosts connect only the space-time variables among the two sectors.
B. k-contractions of Carroll type in configuration space
The scaling of the algebra of the generators, implies the following scaling in the configuration space realizatioñ
We will make use of the vector field realization of the VSUSY algebra, as given [15] :
with the generators of the Poincaré group in the D + 1 dimensional space:
Notice that the derivatives with respect to the Grassmann variables are left-handed derivatives.
Performing the scaling on the vector fields according to eqs. (18), (8) and (66) we get for the two cases 1) t − r = 0,G
Implying the following variations for the coordinates (omitting the tilde)
2) t − r = 1, we getG
Note that the difference between the two types of transformations is the action of the boosts . In the actual case, the boosts depend also on the Grassmann variables, ξ α amd ξ a , Furtermore the VSUSY algebra decomposes in the direct product of a VSUSY in the Minkowski subspace times a Grassmann algebra in the euclidean part.
C. k-contractions of Galilei type
In this case the contraction at the level of the Poincaré group is defined in eq. (9) . This time we want to maintain the VSUSY invariance in the euclidean subsector. Therefore we will study the k-contractions of Galilei type, preserving the main anti-commutation relation:
Asking to maintain the complete VSUSY algebra in the euclidean sector, we need to scale
Then we have
Reasoning as in the Carroll case, we have only two possibilities: 1) r − t = 0, the relations become
Notice that theG α 's form a Clifford algebra (after renormalization of the generators). The algebra is V SU SY ⊗ Clifford, with VSUSY in D + 1 − k-dimensions and the Clifford in k dimensions.
2) r − t = 1, we get
Here theG α 's span a Clifford algebra with zero central charge, or a Grasmmann algebra.
Then we can make considerations analogous to the ones made in the Carroll case. That is:
in the first case (corresponding to the model discussed in the following), the boosts connect only the space-time variables among the two sectors.
D. k-contractions of Galilei type in configuration space
The scaling of the algebra of the generators, implies the following scaling in the configuration spacẽ
Recalling the espressions (33) and (34) we perform the scaling on the expression of the generators according to eqs. (52) , (56) and (9) . The result is
2) r − t = 1, we getG
In the second case, the boosts depend also on the Grassmann variables ξ α and ξ a . Furthermore the VSUSY algebra decomposes in the direct product of a VSUSY in the euclidean subspace times a Grassmann algebra in the Minkowski part.
IV. THE VSUSY CARROLL PARTICLE
We start with a lagrangian invariant under the VSUSY algebra on the total space-time
This time we will consider a 1-contraction of Carroll type in the case r−t = 0. The Carroll invariant lagrangian is obtained restricting (83) to the one-dimensional space spanned by x 0 and adding its variation under a boost times a lagrange multiplier. Since in this case the boost is operating only on x 0 , δx 0 = − v · x (see eq. (50)), we get
This lagrangian is in fact VSUSY invariant under the following rigid transformations (see [15] )
The generators of these transformations satisfy the algebra
whre Z and Z 5 are two central charges. The variation of (84) under Carroll bosts is given by (remember that x does not transform under a Carroll boost)
where p 0 is the canonical momentum associated toẋ
The lagrangian is Carroll invariant assuming
The other canonical momenta are
From these equations the following constraints follow
We recall that the Poisson brackets for Grassmann variables are defined by
The constraint (95) is second class. We then define Dirac brackets in the usual way and, in particular, we find
We are now able to evaluate the Dirac brackets of the odd constraint χ with itself. We find
Therefore, if we choose
the constraints φ and χ are first class and we expect, as in the relativistic case, a local kappa symmetry of the lagrangian.
This model represents the spinning generalization of the Carroll particle model studied in [6] . Although the two cases t − r = 0 and t − r = 1 correspond to two different algebras, it is easy to check that the lagrangian (84) is invariant under also under the algebra corresponding to r − t = 1.
A. κ-invariance
As we have seen, the model has two local symmetries, generated by the constraints φ and χ. The local symmetry generated by the odd constraint is a "κ-symmetry". The transformations generated by χ are given by
from which
Therefore the lagrangian (84) is quasi-invariant under this κ-transformation.
B. Quantization
To perform the canonical quantization we require the following conditions for the operators corresponding to the Grassmann variables [22] [π
we give the following definitionŝ
where we define the matrix [23]
where m = (D + 1)/2, The matrx γ 5 is hermitian and satisfies
in any space-time of even dimension. The matrices P 1 and P 2 are nilpotent and defined by
such that
After substitution in the constraint χ we find the condition on the states
Multiplying by γ 5
This shows that the model describes at the same time particles and antiparticles corresponding to the two eigenvalues ±1 of iγ 0 .
Since there are only 3 operators, the lowest dimensional representation is in terms of 2 × 2matrices. For instance, we can take the following representation which satisfied the previous quantization conditionŝ
where the σ i 's are the Pauli matrices. Then the odd constrint χ becomes
Multiplying by σ 1
Note that we have an ultralocal Dirac equation.
V. THE VSUSY GALILEI PARTICLE
We start with a lagrangian (83) invariant under the VSUSY algebra on the total spacetime in D + 1 dimensions [11, 15] , in its euclidean version
Let us consider a D-contraction of the Galilei type for r−t = 0. According to our philosophy, the Galilei invariant lagrangian is obtained by using the previous lagrangian in the euclidean subspace in D dimensions, and then adding its variation under a boost times a lagrangian multiplier. Since in this case the boost is operating only on the space-coordinates, δ x = vx 0 (see eq. (74)), we get
where Z and Z 5 are two central charges. The variation of (114) under Galilei bosts is given by (remember thgat x 0 does not transform under a Galilei boost)
where p is the canonical momentum
Therefore the model is Galilei invariant if
The other odd canonical momenta are
The last constraint is second class. We then define Dirac brackets in the usual way and, in particular, we find
This model represents the spinning pseudoclassical generalization of the galileian massless model studied in [3, 4, 10] . The model can be also obtained as the non-relativistic limit of a tachyonic spinning particle, see the appendix.
Although tbe two cases r − t = 0 and r − t = 1 correspond to two different algebras, it is easy to check that the lagrangian (114) is invariant also under the algebra corresponding to r − t = 1.
A. κ-invariance
As we have seen, the model has two local symmetries, generated by the constraints φ and χ, if the condition βγ = M 2 holds. We will satisfy this condition by the choice β = γ = M . The local symmetry generated by the odd constraint is a "κ-symmetry". The transformations generated by χ are given by
we find
where we have used βγ = M 2 . Therefore the lagrangian (114) is quasi-invariant under this κ-transformation.
B. Quantization
In this context we will suppose to be in a space-time of even dimensions D + 1 = 2m. The γ-matrices satisfy
Then, we see that the anticommutators in eq. (131) are satisfied bŷ
where P 1 and P 2 are defined in (106) . Substituting these expressions inside the constraint (124) we find that the physical states must satisfy the equation
or, multiplying by iγ 5
Then, define
which satisfy
Therefore the Γ i 's give a representation of the Clifford algebra in a space of D dimensions equivalent to the one spanned by the γ i 's. In this way we get
which is the Dirac equation in an euclidean space of odd dimensions D. After this equatione is satisfied, the physical states satisfy automatically the condition arising fron the even constraint φ 
VI. CONCLUSIONS
In this paper we have introduced two models of pseudoclassical [22] spinning particles respectively invariant under the Carroll and the Galilei groups with zero central charge.
The construction of these models has been done through a generalization of the method introduced in ref. [1] . The method consists in starting from a space-time in D+1 dimensions and partitioning it in two parts, the first minkowskian and the second euclidean. Then, in the
Carroll case an invariant model can be obtained by introducing a Minkowski invariant action in the first part of the space-time and in the second part a system of lagrange multipliers transforming in an appropriate way under the euclidean group such to confine the system to a region of the space-time. An analogous procedure can be followed in the Galilei case.
This procedure allows to construct a class of Carroll and Galilei invariant models, once given a relativistic action in configuration space without performing a Carroll or nonrelativistic limit. In the two particular cases discussed here, we have started from an action in configuration space invariant under the VSUSY algebra [11] [15] . The two models turn out to be the pseudoclassical spinning version of the Carroll particle described in ref. [6] and of the Galilei particle of refs. [3, 4, 10] . We have also checked that our results can be reproduced starting from the VSUSY invariant model and performing the standard Carroll and Galilei limiting procedure. The limiting procedure is consistent with the generalized contractions of the VSUSY algebra consistent with the contractions of the Poincaré subalgebra discussed in [1] .
We have performed a detailed analysis of these models, showing that they preserve the same features of the VSUSY invariant model. Namely, the presence of two constraints, one even corresponding to the mass-shell condition and an odd one, leading to the relevant analogous of the Dirac equation, after quantization. We have also shown that with a convenient choice of the parameters appearing in the lagrangians, the models both possess a κ-symmetry. 
VII. APPENDIX A
In this Appendix we will show that for the two models presented here, our strategy is equivalent to take the usual Galilei and Carroll limit from the relativistic phase space lagrangiam
The canonical lagrangian of a relativistic spinning tachion is given by
or in symplectic form
where
The Poisson-Dirac brackets are
where β = γ = m. χ 5 generates the local kappa variation.
A. Non-relativistic (Galilei) limit
We define the non-relativistic limit as
in the limit ω → ∞ we have the action
which in the reduced space is equivalent to the hamiltonian form of (114). The structure of
Poisson brackets is mantained for the non-relativisitic variables. Also the first class character of constraints is maintained.
B. Carroll limit
The symplectic action of a relativistic particle is
where β = −m, γ = m
We define the Carroll limit as
whereẽ = −ω 2 e,ρ = √ ωρ, .which in the reduced space is equivalent to the hamiltonian form of (114). The Poisson-Dirac brackets and the character of the constraints is maintained.
